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Interpolating between head-related transfer functions 
Abstract 
measured with low directional resolution 
Flemming Christensen, Henrik Moller, Pauli Minnaar, 
Jan Plogsties and S0ren Krarup Olesen 
Acoustics Laboratory, Aalborg University 
Fredrik Bajers Vej 7 B4, DK-9220 Aalborg 0, Denmark 
acoustics@kom.auc.dk 
Head-related transfer funct ions used in binaural synthesis are usually measured 
with low directional resolution. Intermediate transfer functions are found by 
interpolation. In this study measurements with a high directional resolution are 
used to determine the lowest resolution needed to interpolate head-related transfer 
funct ions precisely. The measured and interpolated head-related transfer functions 
are compared in an objective analysis and a listening experiment. 
1 Introduction 
In binaural synthesis head-related transfer functions (HRTFs) are used which should in 
principle represent every possible direction relative to a listener. Since it is not possible to 
measure HRTFs for all directions around the listener measurements are made with a finite , 
and often low, directional resolution. It is desired to minimise the number of directional fi lters 
stored in a binaural synthesis system. Therefore, filters between those, derived from 
measurements, have to be constructed. This calls for interpolation between the measured 
directional filters: either off-line or at real-time. 
In the present investigation HRTFs are measured with a high directional resolution. 
Interpolations made from subsets of the measurements are compared to measurements from 
the target directions. The error is determined when interpolating from a given directional 
resolution. Furthermore the needed resolution is determined for a given error. The difference 
between the measured and interpolated HRTFs is inspected by means of 1) data analysis and 
2) a listening experiment. 
It should be clear that the directional resolution needed during measurements depends directly 
on the interpolation strategy used. The HRTF measurements are interpolated here by linear 
interpolation of the aligned impulse responses. This fast and simple method is investigated 
since it is well established and finds wide application. 
2 Previous work 
A large number of HRTF measurements are reported in the literature. Some measurements 
were used for analytical purposes and cover only a few directions, whereas some cover the 
whole sphere around the head and can be used in binaural synthesis. A list of studies on 
HRTF measurements is found in M.0ller et al.( ! ]. 
Different interpolation strategies can be used to find HRTFs between measurements. The 
strategies described in previous investigations arise from different ways of representing 
HRTFs, e.g. in the time or frequency domains or as pole-zero models. Linear interpolation of 
the impulse responses of measured HRTFs has been appl ied in various studies and 
implementations, especially when interpolating in real-t ime. Sandvad [2] used the weighted 
average of time-domain points of neighbouring HRTFs. The effect of linear time domain 
interpolation of HRTFs on localisation was investigated by Wenzel and Foster [3]. Measured 
HRTFs and the minimum-phase components of those were compared to interpolated HRTFs 
fo r different interpolation intervals. 
Hartung et al. [4] compared two interpolation methods applied to both time domain and 
frequency domain representat ion of HRTFs: inverse-distance weighting and spherical splines. 
Unlike most other ' local' interpolation methods, spherical spline interpolation works on the 
HRTF data from the entire sphere to calculate the HRTF of a certain direction. Spatial 
frequency response surfaces (SFRSs) as spatial domain representations of HRTFs were 
proposed by Cheng and Wakefield [5]. An SFRS represents the magnitudes of all I-IRTFs of a 
certain frequency bin; i.e. SFRS are functions of azimuth and elevation. On each SFRS (for 
each frequency bin) the magnitude value of the target direction is then calculated as the 
weighted average of the neighbouring values. 
Another approach originates from the pole-zero modelling of HRTFs. In a study by Runkle et 
al. [6] the interpolation of the poles and zeros is performed linearly and along tracks of poles 
and zeros found by a gradient search algorithm. Other methods of interpolation arising from 
pole-zero description ofHRTFs are reviewed by Jot. et al. [7]. 
A functional representation of HRTFs obtained by e.g. principal components analysis (PCA) 
(8) or spatial feature extraction and regularisation (SFER) [9] result in further methods of 
interpolating HRTFs between measured directions. 
3 Measurement procedure 
If high-resolution measurements are made on a human being, head movements can exceed the 
measurement angle resolution and thus corrupt the measurements. Therefore, the artificial 
head, VALDEMAR, was used for measurement. VALDEMAR was developed at the 
Acoustics Laboratory at Aalborg University and is an approximation of a typical human with 
head, torso and impressions of human ears. The head was tested in listening experiments and 
provides good locali sation compared to other artificial heads (10], [11). 
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A polar co-ordinate system is used with poles above and below the head. Horizontal planes 
are indexed by the azimuth angle where O degrees is in front, 90 degrees is on the left, -90 
degrees is on the right and 180 degrees is behind the head. Elevation angles are relative to the 
horizontal plane, i.e. 0 degrees is the horizontal plane, 90 degrees is above and -90 degrees is 
below the head. Measurements of the HRTFs were made tlu·ough 360 degrees on four planes 
through the sphere. They are the horizontal plane (dividing top and bottom), frontal plane 
(dividing front and back), median plane (dividing left and right) and elevation 45 degrees (a 
horizontal plane). The measured planes are ill ustrated in Figure I. 
The artificial head was mounted on a stand that can be rotated in 2-degree steps while the 
loudspeaker was stationary. The artificial head can be mounted in a vertical as well as a 
horizontal position. When measuring the horizontal plane, the artificial head was mounted 
ve1tically as shown in Figure 2a and the sound source was posit ioned on the level of the ear 
canals . For the median plane measurement the head was mounted horizontal ly as shown in 
Figure 2b. For the frontal plane, the head was again mounted horizontally but with the nose 
pointing upwards. In these three cases the centre of the head was the rotational centre while 
the d istance to tJ1e loudspeaker was 2.2 metres. For the measurement of the 45 degrees 
elevated plane, the loudspeaker was positioned at 45 degrees elevation at a distance of 2 
metres. 
The measurements were made at the entrance to the blocked ear canals using small 
microphones (Sennheiser KE4-211-2) mounted in foam earplugs. A 2-channel maximum 
length sequence measurement system was used to acquire the impulse responses from the 
measurement directions. A measurement at a reference point at the centre of the head with the 
head absent was deconvolved from the directional measurements in order to obtain the 
HRTFs. For a more thorough description of the measurement technique and microphone 
placement see Moller et al. [l] and Moller [12]. 
4 Objective evaluation 
In this section the measurements made at 2 degrees resolution are shown for the four planes 
for frequencies between 100 Hz and 20 kHz. The magnitude of the HRTFs is shown (in dB) 
for the left ear of VALDEMAR. The error made during interpolation is evaluated as the 
difference between magnitudes of the interpolated ai1d measured HRTFs. In this work the 
interaural time d ifference and specific phase structure of the HRTFs are not considered . 
4. 1 Measurements on the four planes 
The HRTFs in the horizontal plane are shown in Figure 3a. Notice that the upper part of the 
figure is for th e ipsilateral side whereas the bottom of the figure corresponds to when the 
sound source i s on the contralateral side of the head. The structure on the ipsilateral side 
appears to be less 'complicated' than the contralatcral side. The interference of sound waves 
that arises from the different paths around the head to the contralateral ear is particulai·ly clear. 
Distinct 'valleys' are seen on the contralateral side that extend to frequencies as low as I kHz. 
When a single HRTF is inspected these valleys are seen as dips at regular frequency intervals 
as for a typical comb filter. 
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Figure 3b shows the magnitude of the HRTFs in the frontal plane. The top of the figure 
corresponds to the left (ipsilateral) side of the head and the bottom part is on the right 
(contralateral) side. The level is relatively low at high frequencies below the horizontal plane 
on the contralateral side. Shallow peaks and valleys, repeating at regular intervals, are seen 
between O degrees on the ipsilateral side and 45 degrees on the contralateral side. This is also 
the angular region within which the torso reflect ion (shoulders) is expected to be seen as a 
systematically changing comb fi lter. ln the time domain (not shown) the shoulder reflection is 
seen about I ms after the ' direct sound' for 90 degrees elevation. This corresponds to a path 
length difference of approximately 33 cm, which is twice the distance between the shoulder 
and the pinna. The comb filter expected from a I ms delay has dips at I kl-Iz intervals, which 
is indeed clear at 90 degrees elevation. 
Figure 3c shows the magnitude of the HRTFs in the median plane. The top of the figure 
corresponds to the d irection in front of the head whereas the bottom pa1t is behind. The same 
torso reflection as fo r the frontal plane is seen here from -45 degrees in front to -45 degrees 
behind. A certain asymmetry between the front and the back is noticed especially for 
frequencies above about 7 kHz. 
The magnitude of the HRTFs in the horizontal plane at an elevation of 45 degrees is shown in 
Figure 3d. Compared to the three planes in Figures 3a, 3b and 3c the magnitude changes 
slowly with angle. Although the differences between the HRTFs are small it is worth 
remembering that the measurements become increasingly closer to each other as the elevation 
increases. 
4.2 Interpolating from different resolutions 
In order to investigate the e1Tors made during interpolation the HRTF set measured with 2 
degrees resolution is used as reference. Subsets of HRTFs with a lower angular resolution are 
extracted from the reference set. The resolution here refers to the angular difference (in 
degrees) between measurements. The HRTFs for angles between the measurements are found 
by interpolating the time functions (impulse responses). The minimum phase component is 
found for every 1-IRTF, which conveniently aligns the impulse responses. The measurements 
are then interpolated to 2 degrees resolution by linear interpolation of the impulse responses. 
The e1Tor is evaluated as the absolute magnitude difference ( in dB) between the measured and 
the interpolated HRTFs at each frequency. 
Figure 4a shows the magnitude error between the measured and the interpo lated sets of 
HRTFs for the horizontal plane. The colour becomes darker as the error increases up to 6 dB 
after which the error is indicated in black. It is clear that the errors are O dB on the angular 
position corresponding to the chosen resolution, whereas the largest errors tend to be in the 
middle of the interval. The largest errors are made on the contralateral side for all resolutions 
shown. On the other hand errors are mainly above about 8 kHz for the ipsilateral side. Errors 
are still seen even for a resolution as high as 4 degrees. 
ln the frontal plane, shown in Figure 4b, the ipsilateral side is again seen to be less prone to 
errors than the contralatcral side. As fo r the horizontal plane 'errors are still seen on the 
contralateral side even at 4 degrees resolution. It is interesting that the errors are relatively 
small above the head, especially in the elevation rai1ge of 45 to 90 degrees. 
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The errors in the median plane, Figure 4c, are comparable to those in Figure 4b in terms of the 
small errors above 45 degrees elevation. More errors are seen in fron t than behind the head. 
As is the case for the frontal plane, the large errors found for directions beneath the torso may 
not be of great practical importance. 
Figure 4d shows the magnitude error between the measured and the interpolated set of HRTFs 
for the plane a t 45 degrees elevation. The errors are strikingly small and even for a resolution 
as coarse as 24 degrees errors are only found above 10 kHz. This ties in well with the 
observations made from the frontal and median planes about the errors for elevations of 45 
degrees and above. The errors in this plane are small because 1) measurements are physically 
close to each other, 2) the magnitude changes smoothly with the azimuth and 3) deep valleys 
are not seen in the measurements (as is the case for the other 3 planes). 
4.3 The needed resolution 
Figures 4a to 4d showed the error in the magnitude if measurements at a given resol ution were 
used. No error was made when the interpolated direction corresponded to a direction of a 
measurement. Therefore, Figures 4a to 4d would change slightly if angular offset was 
introduced to the measurement positions for a given resolution. In Figures Sa to Sd this is 
addressed by calculating the error for a given direction by ensuring that it always is in the 
middle of the interpolation interval. It may be seen as a ' worst case' calculation for every 
direction. As an example for 20 degrees resolution at 92 degrees azimuth the interpolation 
would be done between measurements at 82 and I 02 degrees. 
For a given resolution the error between the measured and interpolated sets of HRTFs is 
evaluated, frequency by frequency, and if the error is above 3 dB it is given a colour. This is 
done by stepping through from low (36 degrees) to high (4 degrees) resolution. The cetiain 
colour in the figure therefore corresponds to the resolution range found on the scale for which 
the error is below 3 dB. 
Figure Sa shows the resolution needed to ensure that the absolute error between measurements 
and interpolations at a given frequency is below 3 dB in the horizontal plane. As in Figure 4a 
the most errors are on the contralateral side between -45 and -135 degrees azimuth. For most 
of the rest of the plane below 7 kHz the errors are below 3 dB even for 36 degrees resolution. 
Jt is clear when comparing Figure Sa to Figure 3a that the errors occur where the local change 
in the ma1,,JJ1itude is h igh . So the errors seen where neighbouring deep valleys and tall peaks 
are found in the measurements. 
The absolute error in the magnitude is shown for the frontal and the median plane in Figures 
Sb and Sc respectively. The error is less than 3 dB for a large part of the frontal and median 
planes when interpolated from measurements at 20 degrees resolution. In both p lots errors are 
seen for sound coming from below the head. Here the comb fi lters (valleys) due to the 
multiple paths of the sound would be slightly different if legs were present or if the manikin 
was 'seated'. 
The errors seen in Figure 5d are for the plane at elevation 45 degrees. As expected the errors 
are relatively small. Even for this 'worst case ' calculation the e1Tors are below 3 dB for 
frequencies up to 10 kHz even for interpolations made from measurements at 36 degrees 
resolution. 
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5 Subjective evaluation 
A subjective experiment is planned in which a group of people will part1c1pate in a 
three-alternative forced choice listening test. In the experiment three consecutive sounds, each 
filtered with either the measured or interpo lated 1:-IRTFs, will be presented through 
headphones. The listening test along with the results will be presented at the convention . 
6 Summary 
1:-IRTF measurements were made with a resolution of 2 degrees on the artificial bead 
VALDEMAR. From these HRTFs subsets were extracted and interpolated to obtain sets with 
the same angular resolution. The magnitude of an interpolated HRTF was compared to that of 
a measurement for each specific direction. The angular resolution needed in measurements 
was seen to depend on the H RTF azimuth and elevation. 
An objective analysis showed that the errors made during interpolation are larger on the 
contralateral than the ipsilateral side of the head. This is due to the structure of the 
contralateral 1-IRTFs that contains many narrow dips. F igure 6 shows the magnitude for the 90 
and -90 degrees azimuth in the horizontal plane together with interpolations made from 20 
degrees resolution (as seen in Figure 4a). Although the errors are larger on the contralateral 
side the interaural level difference is also very large, especially at h igh frequencies. Therefore. 
the exact structure of the HRTFs may be less important on the contralateral than the ipsi lateral 
side. An investigation by Wightman and Kistler [ 13) suggests that the degradation of the 
spectrum on the contralateral side has only a minor effect on localisation. The planned 
listening test should shed more light on the importance of the error on the contralateral side . 
The angular resolution needed for making successful interpolations will depend on the 
specific interpolation strategy used . In this study the impulse responses of the mini mum phase 
components of the HRTFs were linearly interpolated. This method has practical appeal since it 
is relatively simple and can be used for either off-l ine or real time interpolation. 
A conclusion on the angular resolution needed for HRTF measurements will be drawn once 
the listening experiment is completed. However, it is seen from the objective analysis that 
there is little difference between the measured and interpolated HRTFs for directions above 
the head. This suggests that for elevations larger than 45 degrees only few measurements are 
needed. 
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Figure 1. HRTF measurements were made with a loudspeaker on the sphere around the head. 
The sphere was cut by four planes: the horizontal plane, frontal plane, median plane and the 
horizontal plane at an elevation of 45 degrees. 
Figure 2a. The artificial head VALDEMAR during horizontal plane HRTF measurements in 
an anechoic chamber. 
Figure 2b. The artificial head VALDEMAR during median plane HRTF measurements in an 
anechoic chamber. 
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Figure 3a. Horizontal plane: Magnitude of HRTF measurements at 2 degrees resolution for 
the left ear of VALDEMAR. The azimuth denotes the direction of the sound source: 0 degrees 
is in front, 180 degrees is behind, 90 degrees is left (ipsilateral) and - 90 degrees is right 
( contralateral). 
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Figure 3b. Frontal plane: Magnitude of HRTF measurements at 2 degrees resolution for the 
leit ear of VALDEMAR. The elevation denotes the direction of the sound source: -90 degrees 
is below, 0 degrees is in the horizontal plane, 90 degrees is above. Read the figure from top to 
bottom as: below, left (ipsilateral), above, right ( contralateral), below . 
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Figure 3c. Median plane: Magnitude of HRTF measurements at 2 degrees resolution for the 
left ear of VALDEMAR. The elevation denotes the direction of the sound source: -90 degrees 
is below, 0 degrees is in the horizontal plane. 90 degrees is above. Read the figure from top to 
bottom as: below, in front, above, behind, below. 
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for the left ear of VALDEMAR. The azimuth denotes the direction of the sound source: 0 
degrees is in front, 180 degrees is behind, 90 degrees is left (ipsilateral) and -90 degrees is 
right ( contralateral). 
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Figure 4a. Horizontal plane: Absolute error between measurements and interpolations for 
different angular resolutions. Errors above 6 dB are indicated in black. 
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Figure 4b. Frontal plane: Absolute error between measurements and interpolations for 
different angular resolutions. Errors above 6 dB arc indicated in black. 
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Figure 4c. Median plane: Absolute error between measurements and interpolations for 
d ifferent angular resolutions. Errors above 6 dB are indicated in black. 
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Figure 4d. Elevation 45 degrees: Absolute error between measurements and interpolations 
for different angular resolutions. Errors above 6 dB are indicated in black. 
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Figure Sa. Horizontal plane: The resolution needed to ensure that the absolute error between 
measurements and interpolations is below 3 dB. A certain colour in the figure indicates that 
the error is below 3 dB for the corresponding measurement resolution found on the scale. 
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Figure Sb. Frontal plane: The resolution needed lo ensure that the absolute error between 
measurements and interpolations is below 3 dB. 
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Figure Sc. Median plane: The resolution needed to ensure that the absolute e1Tor between 
measurements and interpolations is below 3 dB. 
9 
13 
-;;, 
(I) 
~ g, 
e.1a 
£ 
::, 
E 
~13 
-9' 
-4 
100 1000 
Frequency (Hz) 
~ 
10000 
; 1,· 
t,::,. 
., , 
I \I 
,,.,· 
.~' 
• '1 
:i'. s,l~\ 
j .. :7t. 
: ..... 
r•, , 
r . 
,l ··. 
36 
24 
20 
Deg. 
12 
8 
4 
0 
Figure Sd. Elevation 45 degrees: The resolution needed to ensure that the absolute error 
between measurements and interpolations is below 3 dB. 
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Figure 6. HRTFs measurements (solid line) and interpolations (dashed line) at 90 degrees 
(ipsilateral) and -90 degrees (contralateral) in the horizontal plane. Interpolations are made 
from measurements at 20 degrees resolution. 
